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On the spin asymmetry of ground states in trapped two-omponent Fermi gases with
repulsive interations
M. Ögren, K. Kärkkäinen, Y. Yu and S.M. Reimann
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We examine the spin asymmetry of ground states for two-dimensional, harmonially trapped
two-omponent gases of fermioni atoms at zero temperature with weakly repulsive short range
interations. Our main result is that, in ontrast to the three-dimensional ase, in two dimensions
a non-trivial spin-asymmetri phase an only be aused by shell struture. A simple, qualitative
desription is given in terms of an approximate single partile model, omparing well to the standard
results of Hartree-Fok or diret diagonalization methods.
PACS numbers: 05.30Fk, 03.65.Ge
I. INTRODUCTION
Cold atomi gases with multiple omponents have been
realized for example in Bose-Einstein ondensates [1, 2, 3,
4℄. The nowadays possible experimental studies of atomi
Fermi gases [5, 6, 7, 8, 9, 10, 11, 12, 13℄ have raised
muh reent interest in the dierent underlying quantum
phases, with a main attention on pairing. Fermi gases
with spin imbalane have been a hot topi more reently
in onnetion with superuidity issues [14℄. While most
of the previous studies fous on attrative interations,
Duine and MaDonald [15℄ pointed out that the repul-
sive regime might oer the possibility of ferromagnetism
in ultra-old atom gases with, as they say, 'unpreedented
experimental ontrol'. Desribing spin (magneti) prop-
erties of Fermi systems is an important issue in many-
body physis. The trapped dilute fermioni atom gases,
with their exibility in tuning important system param-
eters suh as the interation strength, ould provide op-
portunities to look for new magneti phenomena and to
test the theoretial models of magneti properties.
Possible spin symmetry breaking for a Fermi gas in
the unitarity limit [16, 17, 18, 19, 20℄ was disussed by
Chevy [21℄. Maruyama and Bertsh [22℄ have inluded
time-dependent, external magneti elds, yielding spin-
asymmetri ground states.
Sogo and Yabu [23℄ studied the three-dimensional,
trapped Fermi gas with two omponents. (The more
general multi-omponent problem was disussed earlier
by Salasnih et al. [24℄). These omponents an be
haraterized by dierent intrinsi spin states, or for ex-
ample, two hyperne states, playing the role of pseu-
dospin in a two-omponent Fermi gas. For weak inter-
ations between the omponents, the zero-temperature
ground state is symmetri, with equal up- and down-
densities and vanishing total spin or pseudospin. Sogo
and Yabu showed, that in three spatial dimensions, de-
pending on the interation strength between the ompo-
nents, a spin-asymmetri, so-alled olletive ferromag-
neti state may beome energetially favorable. This
spin or pseudospin asymmetry in the ground state arises
as it beomes energetially favorable to inrease the
Fermi energy of one omponent rather than inreasing
the interation energy between the two speies. Sogo and
Yabu [23℄ based their investigation on the Thomas-Fermi
approximation [25, 26℄, an eient way to ompute the
ground state properties of a large system  however, at
the ost of ignoring the shell orretions [25℄.
These studies were performed for a three-dimensional
harmoni trap. However, by appropriate manipulation
of the trapping potential, onned ultra-old atoms an
ahieve onditions of redued dimensionality. We thus
found it useful to further investigate the question of spin
asymmetry for an isotropi harmoni trap in two dimen-
sions. (In one dimension, a uniform fermi system an be
solved exatly with a Bethe ansatz [27℄. Reently, this
was also generalized to a harmoni trap within the loal
density approximation [28℄).
We found that in two dimensions the spin asymmetry
an only arise from the shell-struture and Hund's rule.
II. THE THOMAS-FERMI APPROXIMATION
FOR A TWO-COMPONENT FERMI GAS
Consider fermioni partiles of equal mass m at zero
temperature, with two internal (spin) states labeled by
σ ∈ {u, d}. The fermions shall be subjet to repulsive
two-body ontat interations. In atomi units (~ = ω =
m = 1), our model Hamiltonian in two dimensions is
(r = |r|)
H =
∑
σ
Nσ∑
i
[
−1
2
∆i +
1
2
r2i
]
+ g
∑
i,u<j,d
δ (ri − rj) , (1)
where Nσ denotes the number of partiles in eah of
the two spin states. Here, only the repulsive, weak-
interation regime of Eq. (1) is onsidered. The ou-
pling onstant g ∝ a/lz > 0 is proportional to the
ratio of the three-dimensional sattering length a and
the length sale lz of the ground state in the frozen-out
z−dimension. From the ondition that the (mean-eld)
2interation energy should be muh smaller than the Fermi
energy µF
gn0u/µF ≪ 1, (2)
with n0u denoting the partile density (of one of the
speies) in the enter of the trap, one is led to the di-
luteness ondition
0 ≤ g ≪ 2π. (3)
We start by treating the problem within the Thomas
Fermi (TF) approximation whih should be valid in the
limit of large partile numbers where the spei ontri-
bution from shell struture plays a minor role. In the
Thomas-Fermi approximation, the total energy is
E =
∫
dr
[
π
(
n2u + n
2
d
)
+ gnund +
1
2
r2n
]
, (4)
where nu and nd and n = nu + nd are the (pseudo)spin-
and total densities, respetively. The Euler-Lagrange
equations for the densities, while fullling the onstraint
of onstant partile number N = Nu +Nd =
∫
dr n, are
δ (E − µσNσ)
δnσ
= 0 ⇒
{
2πnu + gnd + r
2/2 = µu
2πnd + gnu + r
2/2 = µd
(5)
In order for the system to be in equilibrium we must have
µu = µd ≡ µ. Further on for the system (5) to be a stable
solution we must have∣∣∣∣∣
δ2E
δn2u
δ2E
δnuδnd
δ2E
δndδnu
δ2E
δn2
d
∣∣∣∣∣ ≥ 0 ⇔ g ≤ 2π, (6)
whih is guaranteed by the diluteness ondition. By view-
ing (5) as a matrix equation in the variables nu and nd
it has the system determinant 4π2 − g2. So for g < 2π,
whih is again guaranteed by the diluteness ondition,
the system (5) has a unique algebrai solution whih or-
responds to a stable minimizer of Eq. (4){
nu =
1
2π+g
(
µ− 12r2
)
, r ≤ √2µ
nd = nu
. (7)
This TF result suggests that there should be no sta-
ble spin-asymmetri density ongurations in the two-
dimensional system under study. This is qualitatively dif-
ferent from the orresponding TF investigation for three-
dimensional system where a non-trivial phase separation
alled olletive ferromagneti state has been reported
[23, 24℄. This is due to the dierent exponent of the
kineti energy funtional in the three-dimensional ase,
leading to non-linear equations for the densities.
Inserting the density (7), n = nu + nd = 2nu, into the
energy funtional (4), the total energy equals
E =
2
3
√
1 +
g
2π
N3/2. (8)
We then note that for g = 2π this energy oinides with
the fully polarized phase, i.e. 1/2 times Eq. (8) with
g = 0 and N → 2N , hene giving a physial motivation
for the ondition in Eq. (6). This desribes the trivial
phase separation to a totally polarized system similar to
what an happen in three dimensions [23℄.
III. THOMAS-FERMI SINGLE-PARTICLE
MODEL
Let us now inorporate the shell struture. Obviously,
the density prole given by the above Eq. (7) will also be
valid for two unequally populated non-interating (g = 0)
spin states, as aording to Eq. (5), nu and nd are then
unoupled. This is the situation when partiles of one
(pseudo)spin state are lling a higher shell than the other
spin state, suh that |µu − µd| = ωeff (ωeff is dened in
Eq. (11)). The major eet of the repulsive interation
is to redistribute atoms from the enter of the loud to
larger r values. This is qualitatively modeled by the pro-
le of the upper Eq. (7) also when |µu − µd| = ωeff
(and agrees well with a numerial solution of Eq. (5) for
g ≪ 2π). Moreover, the prole of Eq. (7) does not break
the SU(2) symmetry, as also was shown to be the ase
for the exat density [29℄.
We now begin from the single-partile Hartree-Fok
equations [25℄ for the Hamiltonian (1) in the weakly re-
pulsive regime
[
−1
2
∆ + gnd (x, y) +
1
2
(
x2 + y2
)]
ϕi,u = Ei,uϕi,u. (9)
Now, for the purpose of presenting a simple analytial
model, we approximate the partile density with the g-
dependent TF density orresponding to Eq. (7)
nd (x, y) ≈ nTFd (|r|) ≡
1
2π + g
(
µd − 1
2
(
x2 + y2
))
θ
(
µd − 1
2
(
x2 + y2
))
,
where µd =
√
(2 + g/π)Nd and θ (·) is Heaviside's step-
funtion. After separating the wavefuntions ϕi,u (x, y)
in Eq. (9) into the Cartesian oordinates we obtain e.g.
for the x-dimension
[
−1
2
d2
dx2
+
1
2
(
1− gθ
(
µd − x2/2
)
2π + g
)
︸ ︷︷ ︸
ω2
eff
(g,Nd)
x2
]
ψi,u (x) = (10)
[
ǫi,u −
gµdθ
(
µd − x2/2
)
2π + g︸ ︷︷ ︸
ǫshift(g,Nd)
]
ψi,u (x) . (11)
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Figure 1: (Color online) The Nu-Nd hart for harmonially trapped 2D fermions with two spin states aording to TFSPM
(here with g = 0.1). The blak dots (•) show the states with lowest energy for a given N = Nu +Nd, the orresponding spin
for this states are seen in the inset gure. The green triangles (△) show ase ii) (spin symmetry) from equation (16), green
irles (◦) show ase iii) (polarized). The red stars (⋆) are the magi numbers Mj = j (j + 1) = 2, 6, 12, ....
By re-arranging the terms in Eq. (11), this an be viewed
as a one-dimensional harmoni osillator with the pertur-
bation
hp =
(
gµd
2π + g
− 1
2
g
2π + g
x2
)
θ
(
µd − x2/2
)
. (12)
We then apply rst order non-degenerate perturbation
theory in eah Cartesian dimension
ǫi,u ≈ i+ 1
2
+ 〈φi|hp|φi〉, (13)
where φi is the eigenfuntion i = 0, 1, 2, ... to the one-
dimensional harmoni osillator with frequeny ω = 1. If
we now only keep the leading order terms in g ≪ 2π, we
an for pratial purposes write Eq. (13) as
ǫi,u ≈ i+ 1
2
+
g
2π
∫
x2<
√
8Nd
(√
2Nd − 1
2
x2
)
|φi (x) |2dx.
(14)
Clearly this is the x-dependent part of what one obtains
if one treats the mean-eld interation term in Eq. (9)
as gnHO from the beginning, where nHO refers to the
TF-density of the non-interating system.
Obviously, Eq. (13) takes the value for the non-
interating HO ǫi,u = i + 1/2 in the two limits g → 0
and Nd → 0 (Nu → N). In total, we have two Cartesian
oordinates and two spin-omponents suh that the total
energy is [25℄
Etot = Eu+Ed ≈ 2
∑
occ.
(ǫi,u + ǫi,d)− g
∫
dr nund. (15)
At zero temperature we have a Fermi-Dira oupation of
eah omponent suh that the HO main quantum num-
ber inreases by one unit whenever a shell is lled. There
are three speial ases for whih the total energy (15) an
easily be written down expliitly.
i) The non-interating ase: When g = 0 we have
ǫi,σ = i+ 1/2.
ii) Spin symmetry: When Nu = Nd, before subtrat-
ing the last term in Eq. (15), the total energy is sim-
ply twie the one for a single omponent system with
the number of partiles being N/2 and with a poten-
4tial V (g,N/2) = ω2eff r
2/2 + ǫshift, but in this ase
the Thomas-Fermi radius RTF =
√
2µTF is equal for
both omponents. Then all the single partile wavefun-
tions deay very rapidly for r > RTF and we an for-
mally drop the fators θ
(
µd − x2/2
)
in Eq. (11), then
ǫi,σ = ωeff (i+ 1/2) + ǫshift.
iii) The totally polarized ase: When N = Nu and
Nd = 0 (or vie versa) the interation disappears whih
gives ǫi,u = i + 1/2. The ases i), ii) and iii) are all
aptured by the formula [30℄
Eu,d (g, α) =
√
2π
2π + g
[
1
6
ceil
(√
1 + 8α− 1
2
)
×
(
6α+ 1−
(
ceil
(√
1 + 8α− 1
2
))2)
+
g√
2π
α3/2
]
,
(16)
where ceil (·) is the losest integer from above. For ase i)
one has Etot = Eu (g = 0, α = Nu) +Ed (g = 0, α = Nd).
In ase ii) Etot = 2Eu,d (g, α = N/2) − e where e =
g
∫
dr n2/4 = gN3/2/
√
36π2 + 18πg. In ase iii) Etot =
Eu,d (g = 0, α = N).
For all other ases, Eq. (14) an be alulated (numer-
ially) for eah single partile level ǫi,σ whih are then
summed up aording to Eq. (15). If one ompares this
proedure with a ase where Eq. (16) is appliable e.g.
ase ii) where Nd = Nu = N/2, one nds that the rel-
ative dierene between those two approahes is small
(e.g. < 2 · 10−3 for g = 0.1 and N = 10) and dereases
with N .
The approximative model we suggest here to illus-
trate shell-indued spin asymmetry relies upon the fat
that a spherially symmetri TF partile-density nTF ∝(
µ− r2/2) does not break the SU (2) symmetry, whih
is present for the non-interating problem due to the
harmoni trap. It has been shown in lowest order per-
turbation theory that the ℓ-degeneray for a given HO
shell is not lifted, even when the exat expression for the
partile-density is used [29℄. This fat supports the va-
lidity of our approximative Thomas-Fermi single partile
model, TFSPM, for weak interations. However, exept
for the noninterating ase (g = 0), the TFSPM obvi-
ously overestimates the many-body energy ompared to
more sophistiated omputational methods, where there
is more freedom to vary the many-body wavefuntion.
TFSPM suessfully nds the orret spin-ongurations
with lowest energy, see Figure 1, and reprodues the shell
orretion with very high auray, see Figure 2. What
we here refer to as the orret spin-onguration is what
we obtained from full Hartree-Fok alulations (see be-
low) for all presented values of N . For N ≤ 12 we on-
rmed the same spin-onguration by diret numerial
diagonalization of the Hamiltonian (1).
IV. COMPARISON TO THE HARTREE-FOCK
METHOD
Now we turn our interest to the full Hartree-Fok
alulation. We alulate the partile densities (e.g.)
nd (x, y) =
∑Nd
i=1 |ϕi,d|2 (without demanding spherial
symmetry) for eah spin omponent iteratively from the
mean-eld single-partile states ϕi,d (x, y) orresponding
to the Hartree-Fok Eq. (9).
For eah total number of partilesN = Nu+Nd, we de-
termine the lowest-energy state self-onsistently. For this
state, the total spin is dened as S = (Nu −Nd) /2. A
zig-zag pattern with inreasing amplitude and frequeny
ours, see inset of Figure 1, whih is idential for the
Hartree-Fok alulations and the TFSPM. This pattern
(inset of Figure 1) is a diret onsequene of Hund's rule.
The trapped atoms at a degenerate shell an lower their
interation energy by maximizing the number of atoms
of the same speies - in other words, by aligning their
spins. This mehanism in ontat-interating fermioni
systems leads to Hund's rst rule and what we here all
shell-indued spin asymmetry, in lose similarity to long-
range interating systems. Here, however, Hund's rule
has a more dramati eet sine it removes ompletely
the interation between atoms of the same spin state.
However, in absolute values, the energy dierene as-
soiated with this pattern is a dereasing funtion of the
number of partiles. To be more spei, the lowest en-
ergy state arrying the largest total spin in eah shell is
Smax (j) =(j + 1) /2, where j = 1, 2, 3, ... is the index
of the shell. Sine the magi numbers of an isotropi
two-dimensional harmoni osillator with two spin-states
are Mj = 2
∑j−1
m=0 (m+ 1) = j (j + 1) = 2, 6, 12, ... ,
Smax is related to the total number of partiles as
Smax ≃
√
N/2. The energy dierene of the state with
S (N) = Smax ompared to the state S (N) = 0 is of the
order ∆E ∼ g
√
N . Comparing this to the leading order
term in the TF estimate of the total energy of the state
with S (N) = 0 from Eq. (8) E ≃ 2N3/2/3, the relative
energy gain of the shell-indued spin asymmetry sales
as ∆E/E ∼ g/N , whih beomes irrelevant for large N .
This is in agreement with the analysis in setion II, whih
had shown that the Thomas-Fermi approximation ould
not predit any stable spin-asymmetri phase for the sys-
tem, but only the trivial, totally polarised system.
V. CONCLUSIONS
In summary, the short-range weakly repulsive inter-
ating fermi gas is a simple toy model that illustrates
very diretly Hund's rule: The total spin is maximized
at mid-shell, in order to minimize the total energy, what
we here have refered to as shell-indued spin asymmetry.
For the ase of an isotropi two-dimensional harmoni
trap we have illustrated a simple approximative single
50 2 4 6 8
−1
−0.5
0
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1
N1/2
E o
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(N
u
,
N
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Figure 2: (Color online) Osillating part of the total energy
(shell orretion) for the state with lowest energy, at a givenN
(here with g = 0.1). The solid blak line with stars (⋆) shows
the TFSPM, the red dashed line with irles (◦) the numerial
Hartree-Fok results. The green triangles (△) show ase ii)
(spin symmetry) from equation (16), whih is only dened for
even N . In this ase the total energy was ∼ 0.3% lower for
Hartree-Fok ompared to TFSPM and the deviations in the
shell orretion are very small. Investigating even smaller val-
ues of g the urves approah eah other further. The smooth
part of the energy is onstruted suh that the dierent urves
for the osillating part should oinide at the minima of the
shell orretion (i.e. at the magi numbers) and they follow
a line y ∝ N1/2.
partile model (TFSPM), that qualitatively reprodues
the energy landsape of the system, when ompared to
Hartree-Fok alulations. This model is restrited to
two dimensions and weak interations sine it relies upon
the fat that the TF density prole does not break the
SU (2) symmetry of the non-interating problem and the
fat that perturbation theory is used. This also outrules
the possibility to see super-shell struture, reported in
the three-dimensional ase [31℄, within this approah.
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